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ANODE HEAT TRANSFER FOR A FLOWING ARGON 

PLASMA AT ELEVATED ELECTRON TEMPERATURES 

TARIT K. BOSE 

Jet Propulsion Laboratory, Pasadena, California. U.S.A. 

(Received 14 April 1970 and in revisedform 6 October 1970) 

Ahstraet-Heat transfer from a pre-ionized gaseous plasma flowing over an anode surface at an elevated 
electron temperature in the presence of an electric held normal to the surface is investigated theoretically. 
A lammar boundary layer is considered in which only the velocity protile is locally similar and fluid 
properties are assumed to change uniformly in the gas flow direction. Results obtained by an approxi- 
mation method show that for moderate current densities Iti\ < lo6 A/m’, the velocity and temperature 
distributions are insensitive to current. In addition, the effect of elevated electron temperature is negligible 
on convective heat transfer, but is significant for the overall heat transfer due to the enthalpy transport by 
current. Total heat flux to the anode is obtained by evaluating the Nusselt number and adding terms due 

to the potential drop in the sheath and the surface work function. 
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atoms ; 
outer edge of the free-fall region ; 
density-viscosity product ratio, 

Pllc@rlcc ; 
thermal velocity [m/s] ; 
diffusion coefficient [m”/s] ; 
ambi-polar diffusion coefficient 
[m’is] ; 
characteristic diameter [m] ; 
elementary charge = 
1,602 x lo- l9 [as] ; 
electrons ; 
internal energy [J/kg] ; 
externally applied electric field 
[Vim] : 
a function, equation (46); 
reduced stream function = Yl~2s ; 
species mass density ratio, pj/p ; 

Si/Sjo; 

t This paper presents the results of one phase of research 
carried out in the Propulsion Research and Advanced 
Concepts Section of the Jet Propulsion Laboratory, 
California Institute of T~hnoiogy, under Contract No. 
NAS T-100, sponsored by the National Aeronautics and 
Space Administration. 

enthalpy [J/kg] ; 
ioni~tion potential [eV] ; 
ionization potential per unit mass 
ion [J/kg] ; 
ions ; 
current function, equation (25); 
current density [A/m’] ; 
electron current density [A/m2 J ; 
constant. equation (35); 
thermal conductivity coefficient 
[J/mOKs] ; 
Spitzer’s thermal conductivity co- 
efficient [J/m”Ks] ; 
Boltzmann constant = 
1.38 x 1O-23 [J/“K] ; 
characteristic length [m] ; 
defined length. [m]. equation (53); 
mass of particle [kg] ; 
mol mass of particle [kgjkmol] ; 
mass rate of production [kg/m3sJ ; 
dimensionless numbers. equations 
(27) and (31); 
Nusselt number for T, 6 The, equa- 
tion (30); 
number density [m - ‘] ; 
flux of particles [m- Is- ‘] ; 
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Prandtl number: 
pressure [bar] ; 
collision cross section [m’] : 
reaction energy carried away by 

electrons [Jjm3s] : 
heat flux [J/m%] ; 
radiative heat flux [J/m2s] ; 
reaction rate [m-Y ‘1; 
universal gas constant = 8314 
[Jjkmol”K] : 
Reynolds number; 
radius [m] ; 
radius of cross section of the body 

of revolution [m] ; 
source terms. equations (23). (25) 

and (27); 
Saha function, equation (45); 

Schmidt number = pD/q ; 
transformed coordinate along body 

surface. equation (18) : 
temperature [“K] ; 
TjTo : 
gas velocities in x. y directions, res- 
pectively [m/s] ; 
characteristic velocity [m/s] ; 
velocity vector [m/s] ; 
distance along and normal to the 

body surface, respectively [m] ; 
mol ratio; 
partition function ; 
correction factor. equation (50) ; 
ionization fraction ; 
velocity gradient parameter. equa- 
tion (21); 
Kronek’s delta, equation (4); 
displacement thickness, equation 

(36): 
momentum thickness, equation 

(37) ; 
collision loss factor. equation (5); 
dynamic viscosity [kg/ms] ; 
work function [V] ; 
potential drop [V] ; 
anode potential with respect to 
plasma Iv] ; 
collision freauency [m- js- ‘1: 

‘y, 
V. 

mean free path [m] : 
mean free path of the electrons [m] : 
Debye shielding distance [m] ; 
mobility coefficient of electrons 

[m2/Vs] ; 
density [kg/m”] ; 
electrical conductivity [A/Vm] : 
temperature ratio = TJT, ; 
stress term. equation (4); 
velocity gradient. equation (4); 
nondimensional coordinate nor- 
mal to the body surface; 
stream function. equation ( 17) ; 
vector operator. 

Subscripts and superscripts 

;: 
atom ; 
condition at one mean free path 
from body surface ; 

r. electrons ; 
h. heavy particles ; 

i. ions ; 

.i. any species ; 

0, condition at a reference point ; 

r, s, coordinate directions ; 
87. sheath condition ; 

s. r. derivatives with respect to trans- 
formed coordinates ; 

W. wall condition ; 
co. condition at edge of the boundary 

layer ; 
* non-dimensionalized properties. 

1. IKTRODUCTIOK 

INTENSE heat flux to electrode surfaces, especially 
to the anode, is a critical factor that must be 
taken into account to prevent failure of plasma 
propulsion and power generation devices. A 
method of predicting the heat flux to anode 
surfaces is presented in which a laminar bound- 
ary-layer flow is considered with an electric field 
applied normal to the surface. Although the 
coupled non-linear system of differential equa- 
tions is simplified by the laminar boundary 
layer approach, a strictly locally similar solution 
is possible only in very special cases. Even for 
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the case of chemical and thermal equilibrium 
(T, = K), a locally similar solution is possible 
only, for example, if the current density \,j,I cc 
x-0’s, ,j, = 0, or if ,j, = ,j, = 0. Therefore. it is 
proposed that the velocity profile alone is 
locally similar and that other terms representing 
non-similar behavior of the fluid properties are 
constant over the boundary-layer thickness but 
vary along the gas flow direction. 

To solve the equations, more information of 
the thermophysical properties for two-tempera- 
ture plasmas is required than is presently avail- 
able. Hence, the composition of a plasma in 
chemical equilibrium is computed by the method 
of Kerrebrock [l] by replacing the temperature 
in the Saha equation by the electron tempera- 
ture. Since the heavy particles appear almost 
static to the fast-moving electrons, it is believed 
reasonable to use the electron temperature to 
compute collision cross sections and frequency 
for collisions of electrons with heavy particles. 
Details of the computations for the thermo- 
physical and transport properties are given in 
the Appendix. 

Investigators who have studied related 
boundary-layer problems, but without applied 
fields, include Hayes [2] and other authors [3. 
41 who attempted a non-similar solution of the 
boundary-layer equations by introducing the 
concept of growth of characteristic boundary- 
layer thicknesses and tried matching locally 
similar profiles for these. Hayes’ analysis con- 
tains non-similar terms, but no source terms. In 
addition, he does not have the strongly inter- 
acting term which includes the energy exchange 
between the electrons and the heavy particles. 
Therefore, the solution of the differential equa- 
tions converges more rapidly than in the present 
case. Though Sherman and Reshotko’s analysis 
[4] represents the first step to solve the bound- 
ary-layer equations for a gas plasma at an 
elevated electron temperature, the solution 
must be started at a place where a complete 
profile is known. They present a numerical 
example of a magnetohydrodynamic channel in 
which the initial profiles are assumed to be at 

thermal equilibrium at an insulator section. 
Other differences between the present analysis 
and that of Hayes, and that of Sherman and 
Reshotko are that the present analysis contains 
source terms due to joule heating, and a local 
similar solution with given boundary conditions 
is assumed and does not require knowledge of 
the initial temperature profiles upstream. Fur- 
thermore, emphasis is placed on the heat 
transfer. The present analysis is readily suitable 
for use with several configurations. In addition 
to flow between parallel electrodes, for example, 
it can also be used for a hemispherical anode for 
which the stagnation point heat transfer, as well 
as the heat-transfer distribution, may be com- 
puted. 

Several studies of heat transfer for an equi- 
librium plasma are given in the literature [5-lo] ; 
and formulation of the differential equation for 
a two-temperature plasma is available [4. 11, 
121, but the heat-transfer relation for the latter 
case is not given. A simple anode heat transfer 
model was proposed by Shih et al. [13, 141 to 
empirically explain their experimental results in 
which the contribution of the electric current 
to the anode heat flux is separated from other 
heat-transfer mechanisms, and the overall con- 
tribution of the electric current to the anode 
heat flux is expressed as the sum of three 
individual contributions, i.e. the anode fall, the 
work function of the anode material, and the 
enthalpy carried by the electron current. This is 
also shown theoretically in the present analysis. 

Several applications are shown in Fig. 1 in 
which heat-transfer relations from a gas plasma 
with electrons at elevated electron temperature 
to the cold anode wall are needed. In case of a 
current flow, a pre-ionized gas of sufficient 
electrical conductivity must flow over the body 
surface to have a finite potential drop between 
the free-stream and the body surface. A general 
relation expressed in terms of the Nusselt 
number, which is a function of the gradients of 
the temperatures and is applicable for each of 
the different physical situations shown in Fig. 1, 
is obtained and applied to special cases of 
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parallel flat-plate and axisymmetric stagnation- 
point boundary layers. A numerical solution for 
a specific gas. however, requires knowledge of 
the thermophysical properties. Methods are 

6) Ektmde problem 

Equi~~tial 
lines 

(b) Cross-flow parallel ptate electrodes 
(segmented or nonsegmented) 

~~ 

Pre-ionizedgas Current 
flow 

(c) Flow stagnation of multi-temperature plasma 

,kJ +- A-C 
(d) Channel flow 

Insulator 
’ / 

) Anode 
/ / 

/ //xz8 

FIG 1. Applications for multi-temperature flow analysis. 

given to compute these properties, and the values 
are computed for the special case of an argon 
plasma. Thus, an approximate solution of the 
Nusselt number for an argon plasma is obtained 
by using a series polynomial equation for each 
differential equation and by computing the 
coefficients from given boundary conditions. 

I(. BOSE 

II. ANALYSIS 

A. Assumptions 
The physical model for the anode heat flux is 

shown in Fig. 2. Since the anode is at a positive 
potential with respect to the plasma and the 
anode potential is believed to be “shielded” 

Anode 

b 

cz&t ! 
! 

Boundary loyer 1 

i i 
00 

FIG. 2. Physical model for anode heat tlux. 

within a small distance, the ion current is con- 
sidered to be negligibly small. From earlier 
computations for a singly ionized argon plasma 
in the pressure range 1O-‘-1O”2 bars (1 atm 
= I.013 bar) [lS]. the mean free path of the 
electrons i, is 1-2 orders of magnitude larger 
than the Debye shielding distance A,,, and the 
boundary-layer thickness lzsL can be many 
orders of magnitude larger than A,. Thus. these 
conditions are also considered to exist in this 
analysis. 

The underlying assumptions for the analysis 
are as follows : 

(1) Steady. laminar, and continuum flow is 
outside b (Fig. 2). A free-fall region for 
electrons exists adjacent to the wall; the 
potential applied externally on the wall is 
assumed to be “shielded” within a distance 
on the order of I,, (no large electrical field 
outside this region), which is designated as 
the sheath. 

(2) The heavy particle temperature at b is 
equal to the temperature at the wall, 
Thh = T,,. 
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(4) Electron energy (3) The radiation pressure is neglected ; the 
radiative heat flux must be computed 
separately. 

(4) There is no externally applied magnetic 
field. and the induced magnetic field is 
negligibly small. 

(5) The current is carried mainly by the 
electrons. 

(6) The plasma is quasi-neutral, i.e. gi = gemtt/ 
RI, where gj = pjip. ,j = i, e for ions and 
electrons, respectively, and p = mass den- 
sity. 

+ V (keVT,l + Qe, them 

+ ,j;E; - ~~~~~ - &)I’ehdcl J/m3s. (5) 

(5) Heavy particles energy 

(7) The kinetic energy of the gas is small in 
comparison to the total energy content. 

(8) The pressure gradient and viscous terms 
are neglected in the energy equations but 
are retained in the momentum equation. 

(9) The thermal diffusion and diffusion ther- 
moeffects are neglected. 

In addition to these assumptions, it is evident 
that for a current flow, the gas should be 
sufficiently pre-ionized. 

+ V . &VT,) - Qe,chem 

+ 2 k,(T, - Th) re,,df J/m3s. 

(6) Global energy. 

pV Vh = V (k,,VT,,) + V (k,VT,) + V 

B. General equations 
With these assumptions, the equations des- 

cribing the flow [12] can be written as follows : 
(1) Continuity o~electrons. 

PV V se - V (pD,,bVg,) = Q~. k,/m3s. 

(1) 

. (p~,,,KVg,) - ; $ V (LT,) + .i, . E’,. (7) 

(7) Anode heatflux 

(2) Continuity. 

V (pV) = 0. kg/m%. 

(3) Motion. 

(2) 

qanode = qb - .k?. (vpa + (Pd + qR (8) 

where 

where 

p/VT). V” = V P, N/m3 (3) 

2 
r rs = 3 ?/v.v SrsfYJOrS I (4) 

s’” = 0, P = 1 

o’s _ 3V’ + K 
ax= ax** 

An explanation is in order for an apparent 
discrepancy in the term representing the energy 
transport due to mass transport by diffusion in 
the global and species energy equations. This 
term in the species energy equations has a factor 
2; whereas, in the global equation the factor is 3. 
By adding the species energy equations to form 
the global equation, the work done by the 

(6) 
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diffusing particles against the stress tensor given (1) Continuity of’ electrons. 

in equation (4) is added to make this term 
CpjI/lhj. which results in the factor 3 instead of 
yielding the term CpjV;E,. This is also given by 

yuri$ + pvrfjg - & (pD..mbrk$:) 

Hirschfelder [16]. h = 111 ,{,rO (11) 
An estimate of the temperature difference where 

between the electrons and the heavy particles is 
possible by writing equation (5) for a current 
carrying volume element at uniform temperature 

[17] and neglecting chemical reaction : 

,j, E; = en,pC1,ElrZ = !$ ks(T, - ‘lJ rrh 

r. = radius of cross section of the body of 
revolution 

k = 0. 1 for planar. axisymmetric bodies. 
respectively. 

(2) Continuity. 

and by rearranging 

0 
(10) 

3 5 ksn,c,Q,, 
nzh 

From equation (10) it appears that the 
temperature difference between the electrons 
and the heavy particles is independent of n,. 
This is not the case since the electric field used 
in equation (10) is obtained from the relation 

E; = j,/(en,pJ. Referring to equation (28). near 
the free-fall edge. np is very small for a current 

density I,j,I < lo6 A/m2. Consequently, E; be- 
comes large and Teh small in comparison to the 
values in the free stream. Thus. it is shown that 
the temperature of the current carrying electrons 
can deviate considerably from the temperature 
of the heavy particles. For the no-current case. 
however, c z &. Also, for small current density. 
Gray [18] estimated that for boundary layers 
at p d 1 bar. the electron temperature of the 
current carrying electrons at the sheath edge is 
approximately equal to that in the free stream. 

C. Boundary-layer equations 
The boundary-layer equations for a laminar. 

two-temperature plasma in the presence of an 
electric field perpendicular to the solid wall, as 
obtained by simplifying the general equations. 
are as follows : 

(3) Momentum. 

(12) 

(4) Electron energy. 

.2 

+ k + Qc,c,m,, 0 

- ;f k,(T, - ?&) r&d‘.. (14) 

(5) Heavy particles energy. 

+ 2 k, ar, + 2 k,( T, - &) rph&. 
aY aY 

(15) 
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(6) Heatflux at b. 

(16) 

The overall continuity equation is automatic- 
ally satisfied by introducing the stream function 
!P. which is defined as usual by the following 
relations : 

(2) Continuity ojelectrons. 

fs$ + (CSCSe*)< + 2sS, = 2s(f59,*, - fs&) 

(22) 

where 

s, = mRe 

PP&O~5+,2kCL0 
. SC = PDmb y. (23) 

‘I 

(3) Electron energy. 

By introducing a transformation introduced 
by Lees [19], equations (11) to (16) are trans- 
formed from the x, y into the s, 5 coordinate 
system. The transformation relations in both 
coordinate systems are as follows : 

I 

Y 

(19) 

The terms T,, Th and ge are made dimension- 
less (*) by dividing them by their respective 
values outside the boundary layers at a reference 
point with index 0, which for the planar case is 
at x = 0, and for axisymmetric bodies is just on 
the axis of the body. 

Let Y(s, 5) = J2sf(s, 5); then, equations (ll)- 
(15) are transformed into s, l coordinate, where 
the subscripts s, 5 denote differentiation with 
respect to the respective coordinates, as follows : 

(1) Momentum. 

& + (C&)< + B y - f,2 
[ 1 = 2s(.M3 - Me;) 

W? 
where 

- J(s) TzC + 2sS, = 2s[fs(g,*Tf), 

- .L(d X),1 
where 

(24) 

S,=?%. 
1 .2 , 

1 
3 R* pp~qmU~r~kg,oT,o [ ‘: 

- 2 k,&(T, - Th) rPh + Qt?, them I> 
Pr = 3 R*geovl (25) 

e 2 meke ’ 

J(s) = ,j, J2s 5 me 

e R*P,vlmUm&h J 

(4) Heavy particles energy. 

f Th + WCSc&), + WX< 

+ + 2sS, = 2~(fT;~ -fsT&) 
r 

where 

+ N, Mf&,*, - f,&) (26) 

3 R* PP ?j u rikThO 

- Th) 'eh - Qev cbem 3 (27) 

One of the assumptions is that the applied 
potential at the anode is shielded within a short 
distance of the surface, that is, of the order of the 
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Debye shielding distance. Thus. for a current 

flow to the wall, a concentration gradient of the 
charged particles must be established at the 
sheath edge which is assumed to occur at the 
free-fall edge. By neglecting the ion currents. the 
following relation can be derived for current 

flow at the wall : 

exp (- ecpJMJ 

%s (28) 

which can be transformed and rewritten into 

Equation (28a) is used to compute the concen- 
tration of the electrons at b. the free-fall edge. 

The value of gzb for argon at a current density 
,j, = - lo6 A/m2 at a pressure of 1 bar and an 
electron temperature of 10000°K is about 
10m7. Teb was taken equal to the free stream 
value as in Section III. For these conditions, 
there is a negligible contribution from the 
electrons to the thermal conductivity coefficient 

at the free-fall edge. The contribution of the 
electrons to the thermal conductivity coefficient 
k, is computed with the help of Fay’s mixing 
rule [ZO] using the value of kl for “pure” 
electrons. The value k, = O(x,ki). which is 
negligibly small near the free-fall edge because 
x, = nJZnj is very small. 

If no current flows, a negative potential 
develops on the wall, and the electron and ion 
fluxes at the free-fall edge are equal. For this 
special case only. it is. therefore. reasonable to 
assume that at b the normalized electron density 
gradient gzi = 0. From equations (28) and (10). 
it can be shown that for the no current case 
(E; = 0), Tzb =: T&,. Sherman and Reshotko [4] 
include an additional equation from the energy 
conservation principle for the electrons at b to 
obtain a relation for Tzb. They obtained for an 

insulated wall the result T,* -C Tt,,. This addi- 
tional equation was abandoned in the present 
case on the grounds that. for small gzb it is 
difficult to write at b an energy conservation 
relation for the electrons with any given 
accuracy. Because of some uncertainties in the 

value of Tp%. it is believed that at b. T& = 0 is a 
better approximation than either Tzb = T,% or 
Tp* = T&. Hogever, a consequence of using 
T& = 0 for argon at low current density is that 

Tp* = T&. as is shown in Section III. The 

second derivative of the temperature at the 

free-fall edge (here. the second derivative of the 
electron temperature) equal to zero merely 
points out that at the free-fall edge. there is no 
heat source. 

If there is no suction or blowing through the 
wall. the reduced stream function f = Y/J2s. 
evaluated at the wall, is of course zero. From 
the considerations above. the boundary con- 
ditions are : 

at < + 0 : f = ,f;, = 0, jib = 0. Tztcb = 0. 

g,* = g;b. T; = Tfw 

T; = Tct, (29) 

For the reduced stream function f and the 

temperature of the heavy particles Th the 
boundary conditions at the wall are generally 
known. although in the present analysis the 
values of these quantities are prescribed at the 
free-fall edge b, whereas T, and gr must be 
evaluated at the free-fall edge or. more precisely. 
at the sheath edge. As indicated in Fig. 2. how- 

ever. these regions are considered to lie well 
within the boundary layer and are very close to 
the wall. Hence, for practical purposes the 
conditions stated in this region are interpreted 
as being either at the wall or in the vicinity of 
the wall. and are taken to be at the same location 
when introduced into the equations. 

D. Heat transfer 
By non-dimensionalizing equation (16) and 

transforming into the s. 5 plane, a characteristic 
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heat-transfer number (qbL/khbTho) is found. Be- where 
cause of the similarity between this number and Re. = P3L,X2 P’, U’,X 
the usual definition of the Nusselt number for .X s = (P,?,U,),“,L 
T, < The, this will also henceforth be referred to 
as the Nusselt number. 

$ 

At the anode, the general relation for the (P v u )a,,,. = ; P v u dx 
s 

(33) 

Nusselt number may be written as 
0 

J _ .iA me J2s 
e R*p,rlaUrngeo’ 

For the stagnation point heat transfer, the 
following relation is valid : 

h h b 

5 J6oN2b 

+ ; N,bScb~oT,*,&b - 3 7 1 (30) Nu, = - e 

b 
hb h0 

where 

Re 
I. 

= PSJXkL2 . N = 3R*&o% 

= J(2K) (2) J(R%) pb 

s 
2b 

2mekbb - + N, j$ g$b 

(3 b 

(31) 5 J@o% 
+ s N2scbeoT,*,&b - 5 c 1 (34) 

b 

L = a characteristic length which for a flat plate where 
is the distance from the leading edge, and for an 
axisymmetric body, like a sphere. a cylinder. Re 

D 

= P~UODO 
~- 

etc., this length is the diameter. Vm ’ 

The terms N, and N, represent the release of J= .i&e, J2 
ionization energy by recombination and trans- 

(35) 

portation of energy by diffusing electrons. 
respectively. In general, the second term in the 

K = 2 or 3 for cylinder or sphere, respectively. 

bracket in equation (30). representing heat 
conduction by the electrons, is much smaller 
than the other terms because of the small 

E. Boundary-layer thicknesses and potential drop 

electron mol ratio x, and the small gradient of 
The following quantities are sometimes useful 

the electron temperature Tes near the wall and. 
for comparison of boundary-layer flows : 

therefore, can be neglected. With this limitation, 
the Nusselt number for a planar plate is 

(1) Displacement thickness. 

Nu, = - = 
k,bTho 

= ;z (E) dRe.r) k$b + N, ($)b9$h 

+ ; N2ScbBoT~bg~<b - -____ 5 JeoNzb 

3 ‘b 1 (32) 
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s .t$l - &I dt. (37) 

0 

(3) Resistive potential drop. 

j$($c - 1) dt. (38) 

0 

Because of the similarity in these expressions 

wit:! the equation to compute y. equation (19) is 

5 

y = J2s s ‘& d[. 
ZZZP 

(39) 

0 

Equations (36)-(39) all have the common fac- 
tor J2s/p,U,rk,. It can be shown that this 
factor when applied to planar and stagnation 
point flows, respectively, may be written as 

J2s 42 
p,U,r-k, = JRe,’ Or J22Re,. 

W) 

From equations (38) and (40) it can be shown 
that, as long as the temperatures in the free 
stream remain constant along the flow direction. 
for a given applied voltage, the current distribu- 
tion is given by j cc x-“~, and a locally similar 
solution is possible. It is. however, very unlikely 
that the temperature in the axial direction does 
remain constant because of the joule heating. 
and. consequently, the complication of the cur- 
rent distribution forces the search for a non- 
similar solution. 

III. NUMERICAL COMPUTATIONS AND RESULTS 
FOR AN ARGOh’ PLASMA 

A. Transport properties 
Solution of the differential equations. equa- 

tions (20). (22). (24) and (26). given in the previous 
section for a real gas requires a knowledge of 
several thermophysical and transport proper- 
ties. Even for a plasma in thermal equilibrium 

(T, = Th). one must rely mostly on the theoretical 
predictions of the transport properties. The two 
methods currently in use are the Fay mixture 

rule [20] and the theory by de Voto 121 -231 
which follows the ChapmanEnskog method 

PI. 
Because the methods to compute the transport 

properties of a thermally non-equilibrium 
plasma 125-301 are too complicated to be of any 
practical use. some new methods to compute 
these are necessary. Therefore. a modification of 
the Fay mixing rule is taken. This rule has the 

advantage of indicating the role of the individual 
species contribution to the transport properties 

of the mixture. Several authors 17, 311 have 
discussed the applicability of using Fay’s mixing 
rule. 

Because the mean thermal velocity of the 
electrons is very large in comparison to the heavy 
particles (atoms a and ions i), the heavy particles 

appear to be almost static with respect to the 
electrons. Therefore. for binary electron en- 
counters with heavy particles, the electron tem- 
perature is used to calculate the collision cross 
sections and the collision frequency. From the 
heat-conductivity coefficient for “pure” atoms 
and electrons, kh and k:. Fay’s mixing rule. 

taking into consideration the heat-conductivity 
coefficient of a fully ionized plasma due to 
Spitzer. k,, the relation for the total heat-con- 
ductivity coefficient is derived as follows : 

k= 
x,k,/3 x,kb -++~ 

3x, + J(2)x, % XcQoi' 
(41) 

et- 
x, + Q 

a(1 

This value of k is considered to be equal to 
(k, + k,,) in the present notation [equation (7)] 
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when T, = Th. For this to be true, the first term 
on the right of equation (41), which applies for a 
fully ionized plasma, is assumed to apply for a 
partially ionized gas as well. Thus, the individual 
heat-conductivity coefficients become 

k, = x,ks/3 

3x, + J(2,X”E 

, k,, = xakh 
x + XeQai' 

(42) 

Detailed equations to compute the transport 
properties are given in the Appendix. 

B. Reaction rates 
For an argon plasma, the following reactions 

are taken into consideration : 

a+a+i+e+a 

a+e+ i+e+e. 
I 

(43) 

Harwell and Jahn [32] considered reaction by 
direct ionization either in a single- or two-step 
mechanism involving an intermediate excited 
state a*. They conclude from their experiments 
that the two-step mechanism is most important. 
By combining the forward reaction rate for low 
ionized plasma by Kelly [33] and the rate for 
strongly ionized plasma by Hinnov and Hirsch- 
berg [34] with the equilibrium condition, the 
following reaction rate for an argon plasma is 
derived : 

R, = Ri = - R, 

= n,.2.3638. 10-41b’[2 + y] 

x exp (-I:“,‘“I).Ca-s;$) 

m-3s-1 

. 
(44) 

The value S is the Saha function given by 

T, exp - + . 
c 1 

(45) 
e 

The second part of equation (44) was found to be 
consistent with results given by Park [35] and 
Bates [36]. The reaction rate computed from 
equation (44) is used to compute the mass rate 
of production mR. 

Exact solution of the differential equations 
[equations (20), (22) (24) and (26)] with the 
boundary conditions of equation (29) is ex- 
tremely difficult because of the strongly inter- 
acting and non-linear behavior of the differential 
equations. The non-similar source terms result- 
ing from current flow and collisional energy 
exchange are very important terms which intro- 
duce instabilities in solving the differential 
equations. The exact magnitude of the collisional 
energy exchange term is not known. and it is 
usual to introduce an energy loss factor 6,. 
which is multiplied with the collisional energy 
exchange term. Demetriades [37] investigated 
the energy loss factors for elastic and inelastic 
collisions between electrons and heavy particles. 
He found that the energy loss factor for inelastic 
collisions which results from the transfer of the 
energy of the excited particle to the incoming 
electron is relatively small and can be neglected. 
The effective electron energy loss factor for all 
processes and species is in fact usually very small 
compared to unity [37]. Camac and Kemp [l l] 
attempted to solve the differential equations 
without any current flow and found possible 
solutions only if the energy loss factor 6, = 0 or 
if 6, -+ ix). The present results apply for 6, = 1. 

C. Method of solution 
Before describing the present method. it may 

be pointed out that several other numerical 
methods were attempted without much success. 
These include, for instance, the method of per- 
turbation of the initial boundary conditions to 
match the final boundary conditions 1381 and a 
shooting-technique by laying a band on final 
boundary conditions [lo]. 

Since it is not possible to obtain a complete 
locally similar solution for all differential equa- 
tions, local similarity is imposed on the momen- 
tum equation only. equation (20). This means 
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that all partial derivatives off’with respect to s 
are zero. The validity of a local similarity is. 
however, not shown. 

The general form of the other differential 
equations is 

= 2.&F,&_ (46) 

From the value of the properties at my?. 
S, = F,, and, assuming F,(t) = F,,, equation 
(46) is simplified to 

f F, + (AF& + 2s(S -f&J = 0. (47) 

Several authors have given approximate 
methods 139,401 to solve the Iaminar boundary- 
layer equations for a low-temperature. non- 
current carrying gas. Solutions with and without 
current flow are obtained in the present case 
using a simpler approximate series of the follow- 
ing type together with the boundary conditions 
of equation (29): 
F = a, -t- nz< + a3 exp ( - <I 

+ a4 exp ( - 24). (48) 

Numerical computations were done for an 
argon plasma at p = lo- ‘-1 bar, T,, = lOOOO- 
16OOO”K, 7&, = 6000_16000”K, and ],j,/ < lo6 
A/m2 with T,, increased not more than 1.1 ir,,. 

For no suction or blowing (f, = 0) and 
without a pressure gradient (/? = 0). the value of 
(f&, obtained by the present method was found 
to be somewhat higher than the more exact 
results of Back 1411 (0.62 instead of his value of 
0.47). Back’s analysis does not take into account 
an applied electric field. At larger values of 8, 
the present results tend to increase much faster 
than do those of Back. These comparisons with 
Back’s analysis can be made since the momen- 
tum equations in both cases are identical. It was 
also found that at pm/p,,, -% 1. &;, is almost 
independent of ,!L 

From the free-fall edge analysis with current 
flow. it was found that g& z 0 and that 

K; = cs, && = ~~2~650. 

g$, = OG4. (49) 

For moderate current densities (i,j,/ < 10’ 
A/mz). the gradients are independent of the 
current density and depend mainly on the tem- 
peratures in the free stream. Thus the analysis 
applies for current densities adjacent to the 
anode that do not exceed about 10” A/m2 which 
occurs at lower pressures or to a situation of 
plasma flowing over a biased wall. It is, therefore, 
possible to compare the gradients with the more 
accurate analyses of other authors 16, 1 l] who 
did not allow for current flow. The relationships 
for the gradients obtained from these other 
authors are : 

For a constant Prandtl number, it has been 
found [lo] that c( cc Pr3, but for an argon 
plasma [6], tl = 041 for The, < 20OOO”K, 
p = 1 bar. For an argon plasma at T,, = Go = 
12 000°K and p = 1 bar, equations (50) and (50a) 
were evaluated taking the following computed 
values: C, = 29.0, SC, = 0.369 and CI = 0.42. 
The resulting values of the gradients are: 
i’& = 02764 and g& = 0.918. The discrep- 
ancies between these values and those obtained 
by the present analysis given in equation (49) 
occur because for the series solutions of the 
energy and species continuity equations. only 
two exponential terms were used in equation 
(48). Since in equations (24) and (26), the source 
terms are much smaller than the convective 
terms and can be neglected, the resulting equa- 
tions are identical to those for no-current_ equal- 
temperature( T, = TJ plasmas which were solved 
by several authors 16. 1 I]. The same terms, how- 
ever, dominate in the electron energy equation 
(25), and cannot be neglected. It is. therefore. 
recommended to use the more exact values of 
& and l$ from other authors given by equa- 
tions (50) and (50af for the evaluation of con- 
vective and diffusive heat transfer and to use 
the present analysis to evaluate the heat transfer 
caused by the current. 
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D. Heat transfer, boundary-layer thicknesses and 
potential drop 
Since the gradients of equations (50) and (50a) 

are believed to give more accurate results of the 
convective and diffusive heat transfer, it is 
recommended that these equations be combined 
with equations (32) and (34) to evaluate the 
Nusselt number. The third term in the bracket 
on the right side in equations (32) and (34) how- 
ever, contributes less than five per cent of the 
second term and has been dropped. With this 
limitation, the following Nusselt number rela- 
tions are derived from which the total heat 
transfer may be computed for planar 
stagnation point flow, respectively : 

and 

JWzb - 1.1785 ~ 
Cl” 

b 1 
@o Nu, = - ~ 

khb r,O 

JooN,, - 1.1785 ~ Cl” . 
b 1 

and 

(51) 

(52) 

The dimensionless numbers are defined by 
equations (33) and (35). To determine the im- 
portance of the individual terms in equations 
(51) and (52) the following computed values for 
an argon plasma at p = 1 bar, T,, = The = 
12000°K are taken: SC, = 0369, N, = 1.23, 
N,, = 09484 and c( = 0.42. N, is not very 
sensitive to the temperature of the heavy par- 
ticles, but is extremely sensitive to the pressure 
and the electron temperature. Since the term c( 
and (Sc+/Pr,& in equations (51) and (52) pertain 

to the convective and diffusive energy transfer, 
it is evident that the diffusive energy transfer is 
significant for the above plasma condition. At 
a low ionization fraction of the plasma, however. 
the diffusive transfer mechanism can be neg- 
lected. Experimental results of Massier et al. 1421 
show that for no-current flow in a low tempera- 
ture plasma ( Th = T, < 8000°K and low-ioniza- 
tion fraction) at p z 0.3 bar, the release of ion- 
ization energy by recombination of diffusing 
particles to the surface is not very important. 
Other authors [43, 441 measured heat fluxes 
on probes placed between two electrodes. Be- 
cause in those cases, the current was flowing 
parallel to the surface, no direct comparison is 
possible. It can, however, be shown that at high 
temperature, the recombination of the diffusing 
particles may have a very significant effect. 
Petrie and Pfender [44] found. at p = 1 bar, 
that the heat flux is from 1 to 2 orders of magni- 
tude larger than is expected without considering 
diffusion. 

The last term in brackets [ ] in equations (51) 
and (52) pertains to the energy transfer carried 
by the current. It is this term that represents the 
major effort of the present analysis. The effect 
of the current flow on the overall heat flux can 
be shown by simplifying the product (JNzb) by 
first defining a length based on equations (25) 
and (31) as follows : 

L, = 0.471 [&I @). (53) 

After substituting equation (53) into equation 
(30) and writing the relations for gradients from 
equations (50) and (50a), the Nusselt number for 
configurations in general becomes 

19785 8, L - 
CO” 

b 
r . 

I 
(54) 

‘2 

Equation (54) can be applied to the plane and 
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stagnation point flows by making the appropriate 
substitutions as was done previously. namely : 

For p~~ne,flow. 

For stagnation point flow. 

L = D,,, Re, = 4KRe, = 
4UCJJc&l 

ro - 
(55) 

From equations (8) and (55), one can then write 
for the local heat flux 

q= -.F!p.= - + f.j,U, + 4oa + #,I. (56) 

By comparing equations (56) with (541, (53) and 
(31). the coefficient ‘4, represents 

and the coefficient A, represents 

Pb 00 Thor&~ A2 = 2.5021 - 
P ~~ C,O% -. 

(57) 

These coefficients are computed separately for a 
particular gas and at a particular state. For a 
typical argon plasma flowing over a flat copper 
anode at p = 1 bar, T,, = T,, = &, = 7& = 
= 12 000°K. Z; = 400°K and U, = 10 m/s with 
values of (Pi and #, for copper of 2 V and 4.3 V 
respectively, the heat flux becomes 

q = - $ + 6,8,j,. kW/cm2. (58) 

In equation (57). the value of x is in cm and,j, is 
in kA/cm2 (thousands of A/cm’). A comparison 
of the relative significance of the two terms in 
equation (58) becomes evident in the following 
example. At x = 1 m. ].j,/ = lo6 A/m’. equation 
(58) gives the heat fIix 4 = 0.745 kW/cm2, 
where the first term in the right side of equation 
(57) contributes only 10 per cent of the second 

term. At x = 0.25 m, the contribution of the first 
term increases to only 20 per cent of the second 
term. 

2mhz/,i so 
N = ~,equotion(26) 

SQ 50 mt- 
1 

6 1 

r, =I2000 OK i 
3 

64 x 107 IO 14 lMx103) 

T n, “K 

FI&. 3. Results for N, vs. T, for argon 

The dimensionless numbers. N, and N,,, for 
an argon piasma are plotted in Figs. 3 and 4. The 
Schmidt number SC, is in the range 0.35-438. 
It is evident that, at certain temperatures and 
low pressures, the term representing the diffusion 
of charged particles and recombination can 
contribute significantly to the total heat transfer. 

Figures 5 and 6 show the profiles of thermo- 
physical properties for argon plasma at p = 1 bar 
as a function of 5. Figure 7 shows separately the 
state of the gas as dependent on the natural 
coordinate also. For comparison, Fig. 7 also 
contains equilibrium values of ge. 

For a typical condition of p = 1 bar, T,, = 
Thm = 12000°K. the foIlowing characteristic 
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FIG. 4. Results for N, vs. T4 for argon. 

b~~~d~-lay~r thicknesses and resistive poten- 
tial drop are computed for plane and stagnation 
point flows, respectively. 

S* = 
! 

& or .Q*&-- 
> 

x 005630 

S, = 59) 

p =- &Or2jDkD ( 1’ $- x 151544 
I 

m 

For comparison with a const~t-properties 
gas on a plane plate [45], 6* = 1.72x/ JRe,, and 
6, = ~664xf~~e~. Note that as a consequence 
of the small density ratio p-/p, which results 
from the high gas temperature of 12 CKWK, the 
coefficient for 6* is very small in comparison to 
the constant properties gas, but the coefficient 
for 6, is not very sensitive to the density ratio 
as may be seen by examining equation (37). 

&from equotion(l9) 

02 cvltnder V 3 I 1 sbtlere 

0 05 IO I-5 20 

c 

FIG. 5. Profiles for g,, T,_ Tk in transformed coordinates 
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Ri;. 6. Profiles for C, Prandtl and Schmidt numbers. 

? 0.5 
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FIG. 7. Profiles for ge. T, z and mass flux in natural co- 
ordinates. 

IV. SUMMARY AND C~~C~USIO~S 

A theoretical study has been presented of heat 
transfer from a two-temperature argon plasma 
in the presence of an electric field applied perpen- 
dicular to the surface of a body. The analysis 
may be applied to plasma flow over flat-plate 
electrodes or axisymmetric bodies when the 
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approaching flow has been pre-ionized. In the 
presence of an electric field. the electrons 
acquire energy which is transformed into random 
thermal energy by collisions; however. they 
remain at an elevated temperature because of 
conditions for which there are an insuf~cient 
number of collisions with heavy particles to 
equilibrate the temperatures. The heat-transfer 
relations were derived in terms of Nusselt 
number which has been based on the assumption 
that the wall temperature is negligibly small 
compared to the gas temperature. Relations for 
argon flow in conligurations in general and for 
fIow over a flat plate as well as flow in the 
stagnation region of an axisymmetric body are 
given by equations (54) (51) and (52). respec- 
tively. More general heat-transfer equations. 
(30). (32) and (34) were also derived which may 
be used for other gases. They were obtained 
from an approximate solution of the laminar 
boundary-layer equations by matching the con- 
ditions at the outer edge of the free-fail region, h. 
and at the free-stream edge of the boundary 
layer, < -+ SC,. The values of the layer distribu- 
tions are. however, not exact between the free- 
fall region h and the free-stream edge of the 
boundary layer (5 > 0). Because the objective of 
the study was primarily to evaluate the heat flux. 
this approach is considered to give satisfactory 
results. Therefore. the boundary-layer distribu- 
tions shown in Figs. 5-7 normalized with values 
at t -+ ,CL are exact only at the two boundaries. 

Numerical calculations were made for flow 
over flat-plate electrodes for conditions in which 
the electron and heavy particles temperatures 
increased as much as IO per cent above the 
temperatures of the approaching flow. it was 
found that, for the maximum current density 
for which the analysis applies (j, < 10” A/m2) 
and for 10 per cent increase in free-stream tem- 
peratures, the profiles off< = u/U,, Y&/T+,,. and 
T,,/Km are insensitive to current, although T,, 
and Thm may change along the flow. Further- 
more. the convective heat flux is dependent on 
the temperature gradient of the heavy particles 
at the wall and includes a contribution due to 
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enthalpy transport by the electrons. The tem- 
perature gradient of the heavy particles at the 
free-fall edge h, however, is independent of the 
current density. The results show that the effect 
of an elevated electron temperature is negligible 
on convective and diffusive heat transfer, but is 
significant for the overall heat transfer due to 
energy transport by the current. The contribu- 
tion of the heat flux to the anode by the current 
includes the increase in energy gained by the 
electrons in the anode fall region and the “con- 
densation” of the electrons at the surface (work 
function). In general. the total heat flux to the 
anode is computed from equation (8); however, 
equation (8) includes a radiation term which is 
not evaluated in this analysis. For argon 
specifically, the total heat flux may be computed 
by using a combination of equations (56) and 
(57). An example is given for specific flow con- 
ditions. 
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APPENDIX 

7hermophysical pansport Properties for a Singly-Ionized 
Plasma 

Given q. 5. p. the composition for an equilibrium plasma 

is computed as follows : 

(1) Sahufuncrion. 

I, = ionization potential. eV. 

(2) Temperature ratio. 

(3) Number derzsities. 

n, = n, = 0 5 -qfI+ I)+ s~(o+l)~ 

P n,= - - ( > k,& 
n&H + 1). m-j 

Given T_,, ‘& nP the thermophysical and transport 
properties are computed. as follows : 

( 1) Cross srctions [464X]. 

Qlk = f( 7;,. 7;). m ’ 

(2) Mol ratio 

xi = ..!L 
Cn, 

(3) Ionizarionfraction 

x, = _A!_~ 
II, + II, 

(4) Viscosity coefficient qfpure substancr 

(5) Thermal conductioity c~o#cient oj pure ,suhstancc. 

( Tin1,)o~5 .I 
k; = 6.24895 x 10~” x 4.187 -~ ~~~~~ 

Q,, ms”K 

(6) Thermal conductivity for &c.trons (Spirzrr’y equation 

[ZO. 311). 

44 X 41x7 X 10~l’T2~5 
k$ = ________z_ 

lay, (1 24 x 1O’T: ‘,r~;-~)’ 

(7) Fay’s mixing rule,for viscosity coefficient [20. 3 I J. 

(8) Fay’s mixing rule Jor thermal conductivity coefJcient 
[20. 311. 

Given c. 7;. p. gv the composition for a quasi-neutral 
plasma is computed as follows : 

(1) Temperature ratio 

(2) Mass density. 

k, = 

(9) Binary diffusion coefjcients [49]. 
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(10) Ambipo[ar dij@siousion coeficients [49]. 

D 2DecPa 
amb = (D,, + D,,)' 

(11) Electrical conductivity Ior slightly ionized plflsma 
(Chapmun- Cowhg) [46] 

(12) Electrical conductirityforfully ionized plasma 
(Spitzer-H&-m) 1461. 

(13) Electrical conductivity for arbitrary ionized plasma 

[461. 

(14) Collisionfrequency ofelectron-heavy particle collision. 

rPh = c,(n,Q,, + niQiC).,, m-‘s- ’ 

RCumC-On Btudie thtoriquement le transfert thermique depuis un plasma Jc :a:’ prt-ionis s’tcoulant 
sur une surface anodique A une temptrature tlectronique 6levCe et en prtsence d’un champ electrique 
normal B la surface. On considere une couche limite laminaire dans laquelle seul le profil de vitesse est 
localement similaire et oiles propriCtts du fluide sont suppodes changer uniformtment dans la direction 
de l'bcoulement gazeux. Les rtsultats obtenus par une methode d’approximation montrent que pour des 
densitts de courant mod&es bJ < lo6 A/m’, les distributions de vitesse et de temptrature sont insensibles 
au courant. De plus. l’effet de tempkrature Clectronique tlevCe sur le transfert thermique convectif est 
nbgligeable. mais il est sensible pour le transfert thermique global dO au transport d’enthalpie par le 
courant.Le tlux thermique total B l’anode est obtenu par l’tvaluation du nombre de Nusselt et par adjonction 

de termes dus a la chute de potentiel dans l’enveloppe et a la fonction de travail superliciel. 

WARMEUBERGANG AUF DIE ANODE BEI EINEM STROMENDEN 
ARGON-PLASMA MIT ERHdHTER ELEKTRONENTEMPERATUR 

Zusammenfassung-Theoretisch wird der WIrmeiibergang von einem vor-ionisierten gasfcrmigen Plasma, 
das iiber die Anodenfllche stramt, bei erhijhter Elektronentemperatur in Abwesenheit eines elektrischen 
Feldes. das normal zur Oberfllche steht. untersucht. Es wird eine laminare Grenzschicht betrachtet. 
wobei nur das Geschwindigkeitsprofil lokal Bhnlich ist und von den Fliissigkeitseigenschaften angenommen 
wird, dass sie sich in der Strijmungsrichtung des Gases monoton Indem. Die durch die NIherungsmethode 

crhalten Ergebnisse zeigen. dass ftir mlssige Stromstarken & / < lo6 A/m* die Geschwindigkeits-und 
Temperaturverteilungen unabhlngig vom Strom sind. Der Emfluss erhijhter Elektronentemperatur ist 
fiir den konvektiven Wgrmeilbergang vemachllssigbar, aber wesentlich fiir den gesamten Wlrmeiibergang 
wegen des Enthalpietransportes im Strom. Den gesamten Wlrmestrom erhLlt man durch die Terme ftir 

den Potentialabfall in der Hiille und die OberflLchenarbeitsfunktion. 

TEIIJIOOBMEH AHOAA HPkl TEYEHHM IIJIA3MbI APrOHA IIPI/I 
IIOBbIIIIEHHOm TEMIIEPATYPE 

AHEOTIX~SUI-HPOBOAMTCH TeopeTMqecKoe HccnenosaHRe nepeHoca Tenma OT npenuapHTenbH0 
PiOHR3?ipOBaHHOi? ra3OBOfi nJIa3MbI, 06TeKaIomefi nOBepXHOCTb aHOAa npIl nOBblILleHHOti 
3JleKTpOHHOfi TeMnepaType R npH HaJlWIMH NIeKTpBWCKOl-0 IIOJIR, rIepneHAHKynRpHOl'0 
nOBepXHOCTM. PaCCMOTpeH JIaMMHapHbtti nOI-paHHqHbI:k CJIOfi, B KOTOPOM IIpO$UIII CKOPOCTH 
IIOAO6HH TOJIbKO JIOKaJIbHO, M npI4HMMat?TCfi, '4TO CBOtiCTBa %RaKOCTII paBHOMepH0 Il3MeHR- 
IOTCR B HanpaBJIt?HHH Te'IeHBH ra3a. nOJIy%HHLJe pe3yJIbTaTbl IIOKa3brBaIOT, 9TO AJIR 
yMepeHHbIX IIJIOTHOCTetiTOKa IJe[ < 106A/ M~TOK HeoKa3bIBaeT~nnnHkw HapacnpeAeneHHe 
CKOPOCTR H TeMnepaTypbI. KpOMe TO~O,BJIWIHMeM nOBbImeHHOi 3JEKTpOHHOti TeMIIepaTypbI 
Ha KOHBeKTHBHbIti TenJIOO6MeH MOWHO npeHe6peYb, OAHaKO 3T0 BJIllRHIle CyII(eCTBeHHO AJIFI 
o6uero TennOO6MeHa 6naroRaps nepeHocy 3HTaJIbnLIII TOKOM. CyMMapHbIti TennOBOfi nOTOK 
~aHo~ynonyqaeTcfi 113 pacqeTa wcna HyCCenbTaH cno~eHn~9neHoB,06~3aHHbrXnaAeH5fm 

nOTeHIJEiaJIa B 3JEKTpOHHOn o6onosKe C IjIyHK~EWi pa6oTM. 


